We describe procedures for converging on and characterizing zero-energy Feshbach resonances that appear in scattering lengths for ultracold atomic and molecular collisions as a function of an external field. The elastic procedure is appropriate for purely elastic scattering, where the scattering length is real and displays a true pole. The regularized scattering length (RSL) procedure is appropriate when there is weak background inelasticity, so that the scattering length is complex and displays an oscillation rather than a pole, but the resonant scattering length ares is close to real. The fully complex procedure is appropriate when there is substantial background inelasticity and the real and imaginary parts of ares are required. We demonstrate these procedures for scattering of ultracold 85 Rb in various initial states. All of them can converge on and provide full characterization of resonances, from initial guesses many thousands of widths away, using scattering calculations at only about 10 values of the external field.
I. INTRODUCTION
Zero-energy Feshbach resonances are formed when a bound or quasi-bound state is tuned across a threshold by varying an applied field, most commonly a magnetic field. They are ubiquitous in studies of ultracold physics [1] , where they can be used to tune scattering lengths for many applications, including studies of equations of state [2] , solitons [3] , and Efimov physics [4, 5] . They are also used for magnetoassociation to form ultracold molecules [6, 7] . Low-energy scattering may be described by the energydependent scattering length a(E, B) = −k −1 tan δ, where E =h 2 k 2 /2µ is the collision energy, µ is the reduced mass and δ is the scattering phase shift. This is constant as E → 0, where it reduces to the usual zeroenergy scattering length. At constant energy it is convenient to write a(E, B) as simply a(B). In the simplest case of an isolated narrow resonance without inelastic scattering, a(B) is real and shows a simple pole as a function of applied field B. If the background scattering length a bg (B) is constant across the width of the resonance, the pole is described by [8] a(B) = a bg 1 − ∆ B − B res ,
where B res is the position of the resonance, and the width of the resonance is characterized by ∆. The parameters are generally weakly dependent on energy in the threshold region. Obtaining them from quantum scattering calculations based on interaction potentials is an important problem in ultracold collision physics. It is possible to locate both the pole and the zero of the scattering length and converge on them numerically using standard root-finding algorithms [9, 10] . In the case * Author to whom correspondence should be addressed; j.m.hutson@durham.ac.uk where a bg (B) is constant, ∆ is the separation between the pole and the zero. For resonances that are not isolated and narrow, the behavior of the scattering length is more complicated than Eq. (1). Nevertheless, Eq. (1) always holds in some region close to the pole, and the parameters may be defined in terms of this local behavior. When this is done, a bg may not describe a(B) far from the pole and ∆ may not be precisely the separation between the pole and a zero. Such effects are particularly prominent when there are numerous overlapping resonances [11] or when a bg is small, so that the zero is artificially far from the pole [12] . If inelastic decay is present then the scattering length is complex [13] and its behavior is considerably more complicated. It has no clearly defined zero-crossing, and it no longer shows a pole but instead oscillates with a finite amplitude [14, 15] . This may render decayed resonances unsuitable for tuning scattering lengths to large values [16] . In addition, inelastic rates usually peak sharply near resonance [17] , and the resulting losses may make the resonances unsuitable for purposes such as magnetoassociation [18] . In other cases, Feshbach resonances can actually reduce inelastic cross sections, which might aid sympathetic cooling [15, 19] .
In the inelastic case, there is no efficient procedure available to locate and characterize Feshbach resonances. It is in principle possible to obtain resonance parameters by explicit least-squares fitting of S-matrix elements from quantum scattering calculations to appropriate functional forms [20] . It is also possible to extract an overall width by fitting to the S-matrix eigenphase sum as a function of energy [20] . This approach has been used for zero-energy Feshbach resonances as a function of magnetic field [17, 19] , but it requires large numbers of scattering calculations and substantial manual labor. Better methods are clearly needed.
In this paper we describe efficient, automatable procedures for locating and characterizing zero-energy Feshbach resonances, both in the purely elastic case and in the presence of inelastic scattering. Our algorithms are built on an approach for resonances in purely elastic scattering that we have used previously [12, 21] but have not described in detail. This converges towards a pole using an iterative 3-point fit to calculated scattering lengths. We begin by describing an improved algorithm for this case that converges stably on widths and background scattering lengths as well as pole positions. We then extend the approach to handle the important case when there is inelastic scattering but the inelastic loss away from resonance is small. Finally we deal with the case where there is strong background inelastic scattering. All the methods have been implemented in the general-purpose quantum scattering package molscat [22] , and are illustrated here with examples from calculations on collisions of 85 Rb [23] .
II. ELASTIC SCATTERING
We first describe a reliable general method for converging on and characterizing a resonance in the case of purely elastic scattering. Early versions of this method have been employed in previous work [12, 21] , but here we refine it and provide a complete description. We refer to the method described in this section as the elastic procedure.
The elastic procedure uses three calculated scattering lengths a 1 , a 2 and a 3 at fields B 1 , B 2 and B 3 , respectively, close to the resonance. Solving 3 simultaneous equations allows us to extract the three parameters from Eq. (1). Defining
we obtain
and finally
In order to iterate and converge towards the pole we must not only choose a point for a new scattering calculation but also choose which of the previous three results to discard. The obvious choice for a new point is the estimated B res , but this causes points to pile up close to the pole, and Eqs. (2) to (5) are numerically unstable when 2 points are very close together. We therefore choose the new point with the aim that the final three points should include one point very close to the pole, one point between t min ∆ and 2t min ∆ from the pole, and one point between t max ∆ and 2t max ∆ from the pole on the opposite side. These three points can be thought of as allowing characterization of B res , a bg ∆, and a bg , respectively. The tolerances t min and t max are positive, with t min < t max . The values t min = 0.1 and t max = 1.0 are almost always appropriate for isolated resonances; we use these values throughout this paper, but different choices may be appropriate in other cases. We terminate the iteration when the estimated value of B res is within a small amount of the closest of the 3 points and the other two points satisfy the criteria above. The logic we have implemented to select which point to discard and where to place the next point is shown in Fig. 1 .
We need 3 fields in the vicinity of the resonance to start the procedure. We choose to use equally spaced points separated by a small amount δB; in this work we choose this value to be 0.2 G. The algorithm will, of course, perform best when one of the initial points is close to the pole, but in this paper we choose points such that the pole is approximately at the midpoint of two of them to provide the strictest test of the procedure. In practice, the initial estimate of the pole position could come from a number of different sources such as scattering calculations on a grid or calculations of the bound states of the system; we usually use the program field [24] which can directly calculate fields at which there is a bound state exactly at threshold.
To demonstrate the convergence of this method, we apply it to a resonance near 171 G in collisions of two 85 Rb atoms in their lowest (F = 2, M F = 2) state. Scattering lengths are calculated using the molscat package, as described by Blackley et al. [23] , at energy E = 1 nK × k B . We choose = 10 −9 G, which is limited by noise in our scattering calculations. Table I summarizes the convergence towards the resonance, with the parameters estimated by Eqs. (2) to (5) at each iteration; Figure 2 provides a graphical representation of the convergence process. This resonance is narrow, with ∆ = 2.3 × 10 −5 G, yet our method successfully converges rapidly on the pole even though the closest of the 3 initial points is over 4000 widths away. The 8th and 9th points are actually placed away from the pole by the algorithm to satisfy the requirements associated with t min and t max before the final point is placed extremely close to the pole. The entire procedure needs only 10 scattering calculations and requires no human intervention after the initial set of points; a corresponding manual search and subsequent least-squares fit would have needed many more scattering calculations and considerable human input.
If the pole position B res is all that is required, and ∆ and a bg are unimportant, then the fastest convergence is often achieved by setting t min = t max = 0. With this choice, the present algorithm reduces to that used in previous work from our group [12, 21] . The equations for ∆ and a bg then become unstable as convergence proceeds and the points cluster close to the pole, but B res usually converges smoothly.
All the algorithms described here make the approximation that a bg (B) is constant across the range of points. This approximation improves as the convergence pro-Input fields B1, B2, B3 and corresponding a1, a2, a3
Calculate dn = Bres−Bn ∆ Sort 3 points and relabel min, mid, max such that |dmin| < |dmid| < |dmax| tmax < |dmax| < 2tmax
Discard point corresponding to dmax tmin < |dmid| < 2tmin ceeds and the range of points becomes smaller. Nevertheless, it is the limiting factor that determines the distance from which convergence can be achieved. At least one of the initial points must give a scattering length that is affected by the resonance by more than the variation of a bg (B) across the range of the points. For very narrow resonances, computational noise in the scattering length can also affect convergence. 
III. INELASTIC SCATTERING
In the presence of inelastic loss, the diagonal S-matrix element in the incoming channel S 00 = exp(2iδ) has magnitude less than 1. The phase shift δ is thus complex, and so is the scattering length a = α − iβ, where β ≥ 0 [13] . The real and imaginary parts of the scattering length characterize the elastic and inelastic cross sections, respectively. The energy-dependent scattering length may be written exactly as [14] a(E, B) = − tan δ(E, B) k
Around a resonance, the scattering length at constant energy describes a circle in the complex plane [14] , beginning and ending at the background scattering length a bg ,
a bg = α bg − iβ bg is now complex and a res = α res − iβ res is a 'resonant' scattering length that describes the size and direction of the circle. Γ inel B is a decay width for the quasibound state that causes the resonance; it is a real quantity, with dimensions of field, whose sign depends on the magnetic moment of the state relative to the threshold. It is useful to identify
to allow a connection back to Eq. (1), although ∆ no longer has a simple interpretation as the distance between the pole and zero in a. Around a decayed resonance, both α and β show an oscillation, determined by a res , rather than a pole [14, 15, 19] . This has implications for the observation and use of such resonances [16] [17] [18] . In the very common case |a res | β bg , β(B) displays a peak of magnitude a res . However, a res is inversely proportional to Γ inel B . Somewhat counterintuitively, therefore, weaker inelastic decay of the quasibound state responsible for the resonance causes a higher peak in β(B) (and hence in the inelastic rate) around B res .
A. Weak background inelasticity
We first consider the important case where the background inelasticity can be neglected, so we approximate β bg = 0. Under this approximation a res is also real [19] , though a(B) itself remains complex near resonance. There are thus only 4 parameters to extract. Even so, Eq. (7) does not allow us to extract parameters as easily as we could from Eq. (1). However, this can be overcome by defining a 'regularized scattering length'
which is real and shows a simple pole just like Eq. (1). This allows us to use Eqs. (2) to (5) with a replaced by A to extract three of the parameters and converge on the resonance position as before, with minimal modification of the elastic procedure. We refer to the resulting method as the regularized scattering length (RSL) procedure. The final parameter a res can be estimated at each stage of the convergence using the identity,
In the important case where Γ inel B is very small, the peak in β is very narrow. Estimating a res from the maximum value of β can thus be very difficult, but Eq. (11) provides a useful estimate as soon as both α and β differ significantly from their background values. Equations (9) and (11) each need an estimate of α bg . This can be obtained iteratively, but we find that in practice it is adequate to take it from the previous or current iteration, respectively. To calculate A at the first iteration we use the average of a 1 and a 2 as an initial approximation for a bg . Equation (11) can also be used separately from the convergence algorithm employed here, for example to estimate a res from scattering calculations on a grid that is not fine enough to resolve the peak in β.
Table II summarizes the convergence towards two resonances in collisions of a pair of 85 Rb atoms in their F = 2, M F = −2 excited state, using the RSL procedure. These results are also shown in Fig. 3 . These collisions are weakly inelastic away from resonances, because loss comes only from spin-relaxation transitions driven by the weak dipole-dipole interaction. We use a slightly larger value for the convergence criterion than in the previous section, = 10 −8 G. The first inelastic resonance we analyze, near 215 G, shows only weak inelastic decay, as seen from the small values of β and negligible differences between α and A except at the final point. The RSL procedure converges smoothly and provides stable values of all the resonance parameters. The fitted β(B) is shown in Fig. 3(a) ; it is accurate near the center of the resonance, but deviates from the calculated values by a small amount in the wings because the actual background β bg is non-zero. As described above, the RSL procedure provides an estimate a res = 1.7 × 10 8 a 0 that is stable over the final few iterations even when β is 6 orders of magnitude smaller than a res ; the final calculation confirms that these estimates of a res are remarkably accurate. For this resonance, the elastic procedure would work well until the last point, when it would predict a pole position some distance away from the resonance. The elastic procedure would thus fail to converge, and continue indefinitely, repeatedly approaching the resonance and jumping away again.
The second resonance we analyze, near 604 G, is quite strongly decayed. The pole in α is strongly suppressed, to the point that α does not even cross zero. By contrast, the regularized scattering length still has a pole and zero crossing as before. The elastic procedure would fail completely anywhere near the center of the resonance, but with the modification of Eq. (9) we can efficiently converge to the resonance position. The final fitted α(B) and β(B), shown in Fig. 3(b) , agree very well with the calculated values, demonstrating that the resonance has G is two orders of magnitude smaller than the value reported previously [23] , which was obtained by fitting α(B) to Eq. (1) far from resonance.
B. Strong background inelasticity
Finally, we consider the case with background inelasticity included. There are now a total of 6 parameters required to characterize a resonance according to Eq. (7): B res , Γ inel B , and the real and imaginary parts of a bg and a res . However, each value of a(B) has real and imaginary parts, so we again need scattering calculations at only three fields.
We begin by locating the scattering length at the center of the circle described by Eq. (7), a c = a bg − ia res /2. Starting from the equation for a circle, (α n −α c ) 2 +(β n − β c ) 2 = R 2 , it is straightforward to derive the simultaneous equations
These are solved to obtain a c and R = |a n −a c | = |a res |/2. Across the resonance, the angle θ around this circle is described by a Breit-Wigner phase,
We define the dimensionless quantity
which has a pole analogous to Eq. (1). We evaluate a 1 , a 2 and a 3 at B 1 , B 2 and B 3 and use Eqs. (2) to (5) to obtain parameters B res , ∆, and a bg (which do not have immediate physical interpretations). a bg = tan(θ bg /2) tells us where on the circle a bg lies,
and therefore
a(B res ) is diametrically opposite a bg on the circle, so
We then obtain B res from
Finally, we obtain Γ inel B from one calculated scattering length using Eq. (7).
This procedure provides an estimate of B res and other parameters from calculations of a(B) at a set of 3 points. We iterate using the algorithm described in section II, but using the larger of Γ inel B and ∆ to constrain the separation of the points from B res . We refer to the resulting method as the fully complex procedure.
To demonstrate this, we consider convergence towards a resonance near 172 G in collisions of two 85 Rb atoms in their F = 3, M F = 2 excited state. In this case the atoms can decay through spin-exchange collisions, which cause faster inelastic loss away from resonance than in Sec. III A. The convergence is summarized in Table III and shown in Fig. 4, using = 10 −7 G. The procedure converges rapidly on the resonance position and the final fitted functions show excellent agreement with the calculated scattering lengths. The resonance is very strongly decayed; |a res | is less than 5 a 0 and has a substantial imaginary component. This makes the oscillations in α(B) and β(B) somewhat asymmetric.
The fully complex procedure can also resolve the dis- crepancy between the calculated β(B) and the fitted function far from resonance in Fig. 3(a) . Figure 5 shows the results of the fully complex procedure in this case, and it may be seen that excellent agreement is obtained.
The converged values of the parameters are very similar to those in Table II , with the addition of β bg = 7.20 × 10 −4 a 0 and β res = −582 a 0 . For this procedure to converge well, the circle in the complex plane described by a(B) must be well formed. Variation of a bg (B) across the width of the resonance can distort the circle; if this distortion is significant compared to the size of the circle, the procedure may fail. This leads to the criterion
The procedure may thus be unsuitable for the widest and most strongly decayed resonances (large Γ inel B and small a res ). The procedure may also fail for overlapping resonances. These restrictions are similar to the criteria used to define an isolated narrow resonance [20, 25] .
IV. CONCLUSIONS
In this paper we have developed three procedures for efficiently and accurately converging on and characterizing different kinds of zero-energy Feshbach resonances as a function of external field. These procedures can converge on and accurately characterize resonances, from initial guesses many thousands of widths away, with a total of only around 10 scattering calculations.
First we have described the elastic procedure. This is designed for resonances in purely elastic scattering, where the scattering length has a true pole. At each iteration, the procedure characterizes the resonance using scattering calculations at 3 values of the external field, while ensuring that the points do not cluster too close to the pole. This allows stable evaluation of the width and background scattering length as well as the pole position.
For the case of weak background inelasticity we have developed the regularized scattering length (RSL) procedure. The oscillation in the complex scattering length is converted into a true pole in a "regularized" scattering length, and convergence on the pole is achieved in the same way as in the elastic procedure. We also provide a means to estimate the resonant scattering length a res from calculations in the wings of the resonance.
Finally, we have developed a fully complex procedure to converge on and extract all 6 parameters needed to characterize resonances when there is substantial background inelasticity and the real and imaginary parts of a res are required.
